In this paper, we introduce and study (weak) pure-injective Gorenstein projective modules. Let R be an artin algebra. We prove that the category of weak pure-injective Gorenstein projective left R-modules coincides with the intersection of the category of pure-injective left R-modules and that of Gorenstein projective left R-modules. As applications, we get some equivalent characterizations of virtually Gorenstein (CM-finite) algebras. Furthermore, we prove that the category of weak pure-injective Gorenstein projective left R-modules is enveloping in the category of of left R-modules; and if R is virtually Gorenstein, then it is precovering in the category of pure-injective left Rmodules.
Introduction
As a nice generalization of finitely generated projective modules over commutative noetherian local rings, Auslander and Bridger introduced in [AB] finitely generated modules of Gorenstein dimension zero; and then Enochs and Jenda generalized it in [EJ1] to Gorenstein projective modules (not necessarily finitely generated) and introduced the dual notion-Gorenstein injective modules over general rings. Since then, Gorenstein projective and injective modules and related modules have become very important research objects in Gorenstein homological algebra and representation theory of algebras; see [B1, B2, BK, C1, C2, Ch, ChFH, EJ1, EJ2, Ho1, J, LY, X] and references therein.
The notion of pure-injective modules (also called algebraically compact modules in [W] ) was introduced by Cohn in [Co] and found many important applications in ring theory, homological algebra and representation theory of algebras. For instance, the study of generic modules (a special kind of pure-injective modules), initiated by Crawley-Boevey in [Cr] , has proved to be essential in characterizing tameness of finite dimensional algebras ( [K2] ) and phantom maps in group algebras ( [BeG] ). The geometrical and topological aspects of pureinjective modules (for instance, the Ziegler spectrum and Krull-Gabriel dimension) were also widely studied in [P] , [H1] , [K2] , and so on. In particular, in the study of the Gorenstein symmetry conjecture, Beligannis introduced in [B1] the notion of virtually Gorenstein algebras as a nice generalization of Gorenstein algebras. Various equivalent characterizations of virtually Gorenstein algebras are supplied, among which the use of pure-exact structures in the category of Gorenstein projective modules attracts our interest. That is, there is a natural purity theory on this locally finitely presented category with respect to its subcategory consisting of finitely presented Gorenstein projective modules.
Let R be an artin algebra. Then the category of Gorenstein projective modules is definable by [B1, Proposition 3.8] . It follows easily from [P, Theorem 3.4.8] that the pure-injective envelope of a left R-module M is Gorenstein projective if and only if M is Gorenstein projective. It indicates that the intersection of the category of pure-injective modules and that of Gorenstein projective modules provides much information on the original category.
Our aim in this paper is to study the pure-injectivity in the category of Gorenstein projective modules. The paper is organized as follows.
In Section 2, we give some terminology and some preliminary results.
In Section 3, we introduce and study G-pure exact sequences, (weak) pure-injective, pureprojective and absolutely pure Gorenstein projective modules. Let R be a ring. We first give some equivalent characterizations of absolutely pure Gorenstein projective left R-modules in terms of the properties of G-pure exact sequences and the vanishing of Ext-funcrors in the category of contravariant functors from the category of stable finitely presented Gorentein projective left R-modules to that of abelian groups (Theorem 3.3). Then we deduce that if R is a CM-free artin algebra, then the category of Gorenstein projective left R-modules coincides with that of absolutely pure Gorenstein projective left R-modules (Corollary 3.6); and if R further is virtually Gorenstein, then these two categories coincide with the category of projective left R-modules (Corollary 3.8). This gives a partial answer to the following conjecture: For any CM-free artin algebra R, the category of Gorenstein projective left R-modules coincides with that of projective left R-modules ([C2] ).
Let R be an artin algebra. We prove that the category of weak pure-injective Gorenstein projective left R-modules coincides with the intersection of the category of pure-injective left R-modules and that of Gorenstein projective left R-modules (Theorem 3.10). As an application, we get that R is virtually Gorenstein if and only if any weak pure-injective Gorenstein projective left R-module is a direct limit of a family of finitely presented Gorenstein projective left R-modules (Theorem 3.15) . This extends a result in [BK] . Moreover, we get that a virtually Gorenstein artin algebra R is CM-finite if and only if the category of pure-injective Gorenstein projective left R-modules coincides with that of Gorenstein projective left R-modules (Theorem 3.17) . In the final of this section, we illustrate that the category of pure-injective Gorenstein projective left R-modules plays a role in that of Gorenstein projective left R-modules similar to the category of pure-injective left R-modules does in that of left R-modules (Proposition 3.19).
As further applications of Theorem 3.10, we study in Section 4 the covering and enveloping properties of the category of weak pure-injective Gorenstein projective R-modules. Let R be an artin algebra. We prove that this category is enveloping in the category of left R-modules (Theorem 4.1); and if R is virtually Gorenstein, then it is precovering in the category of pure-injective left R-modules (Theorem 4.3).
Preliminaries
In this section, we give some terminology and some preliminary results.
Throughout this paper, R is an associative ring with identity, Mod R is the category of left R-modules and mod R is the category of finitely presented left R-modules. For a module M ∈ Mod R, Add M (resp. Prod M ) is the subcategory of Mod R consisting of direct summands of coproducts (resp. products) of copies of M . For a subcategory C of Mod R, we use C and C to denote the stable categories of C modulo projectives and injectives, respectively.
Dually, the notions of a C-preenvelope, a left minimal homomorphism, a C-envelope and a (pre)enveloping subcategory are defined.
Following Auslander and Reiten's terminology in [AR] , a C-(pre)cover and a C-(pre)envelope are called a (minimal) right C-approximation and a (minimal) left C-approximation respectively, and a precovering subcategory and a preenveloping subcategory are called a contravariantly finite subcategory and a covariantly finite subcategory respectively.
Let M ∈ Mod R and N ∈ Mod R op . Recall that a sequence in Mod R is called Hom R (−, M )-exact (resp. N ⊗ R −-exact) if it is exact after applying the functor Hom R (−, M ) (resp. N ⊗ R −); and for a subcategory C of Mod R, a sequence in Mod R is called Hom R (−, C)-exact if it is exact after applying the functor Hom R (−, M ) for any M ∈ C. We use Proj R, Inj R and Flat R to denote the full subcategory of Mod R consisting of projective, injective and flat modules respectively.
Definition 2.2 ([EJ1, EJ2])
(1) A module G ∈ Mod R is called Gorenstein projective if there exists a Hom R (−, Proj R)-exact exact sequence:
in Mod R with all P i and P i in Proj R and G ∼ = Im(P 0 → P 0 ). Dually, the notion of Gorenstein injective modules is defined.
We use GProj R, GInj R and GFlat R to denote the full subcategory of Mod R consisting of Gorenstein projective, injective and flat modules respectively. By the adjoint isomorphism theorem, it is easy to see that GProj R = GFlat R over an artin algebra R. We use Gproj R and Ginj R to denote the full subcategory of mod R consisting of Gorenstein projective and injective modules respectively.
We write (−) + := Hom Z (−, Q/Z), where Z is the additive group of integers and Q is the additive group of rational numbers.
Lemma 2.3 ( [GoT, Lemma 1.2.13] 
be an exact sequence in Mod R. Then the following statements are equivalent.
(
The exact sequence (2.1) is called pure exact if one of the above equivalent conditions is satisfied.
Definition 2.4 ([GoT]) A submodule A of B in Mod R is called pure if the exact sequence
in Mod R with λ the embedding is pure exact; and a quotient module C of B in Mod R is called pure if the exact sequence
in Mod R with π the natural epimorphism is pure exact.
We have the following easy observation.
Lemma 2.5 If R is an artin algebra, then GProj R is closed under pure submodules and pure quotient modules.
Proof. Let R be an artin algebra and 
Dually, the notion of pure-injective modules is defined.
(2) A module M ∈ Mod R is absolutely pure if any exact sequence
We use PInj R and AbsR to denote the full subcategories of Mod R consisting of pureinjective modules and absolutely pure modules, respectively. The following two lemmas are used frequently in the sequel. EJ2, Propositions 5.3.7 and 5.3.9] ) For any M ∈ Mod R, we have
Lemma 2.7 ([
(1) M + ∈ PInj R op . (2) σ M : M → M ++ via σ M (m)(f ) = f (m) for any m ∈ M and f ∈ M + induces a pure exact sequence 0 → M σ M − − → M ++ → Coker σ M → 0.
Thus M is pure-injective if and only if σ M is a section.

Lemma 2.8 Let R be an artin algebra. Then
Proof. Let R be an artin algebra and M ∈ GProj R. Then by Lemma 2.7(1), we have M ++ ∈ PInj R. By [Ho1, Theorem 3.6] and [LY, Theorem 2 .3], we have M + ∈ GInj R op and M ++ ∈ GFlat R(= GProj R).
Pure-injective Gorenstein projective modules
In this section, we introduce and study pure-projective, (weak) pure-injective and absolutely pure Gorenstein projective modules. We begin with the following Definition 3.1
is exact for any finitely presented Gorenstein projective left R-module G.
is an exact sequence for any G-pure exact sequence (3.1).
We use PP-GProj R, PI-GProj R and Abs-GProj R to denote the subcategories of GProj R consisting of pure-projective, pure-injective and absolutely pure Gorenstein projective modules, respectively.
Remark 3.2 (1) Any pure exact sequence with all terms in
For an additive category C, we use (C op , Ab) to denote the category consisting of contravariant functors from C to the category Ab of abelian groups. The following result gives some equivalent characterizations of absolutely pure Gorenstein projective modules.
Theorem 3.3 The following statements are equivalent for any
(1) A ∈ Abs-GProj R.
(2) There exists a G-pure exact sequence
Proof. (1) ⇒ (2) It follows from the definition of Gorenstein projective modules.
(2) ⇒ (1) For any exact sequence
in GProj R, we can form the pushout of A → P and A → G 2 to get the following commutative diagram with exact columns and rows:
Since Ext 1 R (G 3 , P ) = 0, the middle column in the diagram splits. Applying the functor Hom R (G, −) with G ∈ Gproj R to this diagram, then the snake lemma implies that the leftmost column is G-pure exact. Hence A ∈ Abs-GProj R.
(2) ⇔ (3) For any G ∈ Gproj R, the given G-pure exact sequence gives rise to a long exact sequence:
Because Ext 1 R (G, P ) = 0, we get the equivalence between (2) and (3) easily. In the following, we give some applications of Theorem 3.3.
Corollary 3.4 Abs-GProj R is closed under extensions, direct sums and G-pure submodules.
Proof. It follows from Theorem 3.3 directly that Abs-GProj R is closed under extensions and G-pure submodules. Note that Ext
Corollary 3.5 For an artin algebra R, we have
Proof. Because R is an artin algebra, for any G ∈ Gproj R ∩ Abs-GProj R there exists an exact sequence 0 → G → P → G 1 → 0 with P ∈ proj R and G 1 ∈ Gproj R, which splits by Theorem 3.3. Thus G ∈ proj R.
Recall from [C2] that an artin algebra R is called CM-free if Gproj R = proj R. As an immediate consequence of Theorem 3.3, we have the following Corollary 3.6 If R is a CM-free artin algebra, then GProj R = Abs-GProj R.
Recall from [B1] that an artin algebra R is called virtually Gorenstein if
The following result gives some properties of virtually Gorenstein artin algebras.
Proposition 3.7 Let R be a virtually Gorenstein artin algebra. Then we have
(1) Any G-pure exact sequence is a direct limit of a system of split exact sequences in GProj R.
(2) PP-GProj R = Add Gproj R.
Proof.
(1) Let
be a G-pure exact sequence. Since R is a virtually Gorenstein artin algebra, G 3 ∈ GProj R can be written as 
By the definition of G-pure exact sequences, α i factors through g, that is, there exits a homomorphism u :
Then by the universal property of pullbacks, there exists a unique homomorphism h i :
. So the upper exact sequence splits and G i 2 ∈ GProj R. By the universal property of pullbacks again, there exists a unique homomorphism (3) By (1) and Lemma 2.3, any G-pure exact sequence
(4) Note that for an artin algebra R, Ext
Chen conjectured in [C2] that GProj R = Proj R if R is a CM-free artin algebra. We have the following
Corollary 3.8 If R is a CM-free artin algebra, then GProj R = Proj R if and only if R is virtually Gorenstein.
Proof. By [B2, Example 4.5.3], the sufficiency holds true. The necessity follows from Corollary 3.6 and Proposition 3.7(4).
We introduce the notion of weak pure-injective Gorenstein projective modules as follows. Definition 3.9 A module E ∈ GProj R is called weak pure-injective in GProj R if for any pure exact sequence
We use wPI-GProj R to denote the subcategory of GProj R consisting of weak pureinjective Gorenstein projective modules. Clearly, we have
For an artin algebra R, we use D to denote the usual Matlis duality of R. All results in the rest of this paper are based on the following theorem.
Theorem 3.10 If R is an artin algebra, then
Proof. By [GoT, 
Clearly, PInj R ∩ GProj R ⊆ wPI-GProj R. In the following, we prove the converse inclusion. Note that PInj R = Prod mod R and R ∈ PInj R by [GoT, Corollary 1.2.22]. It follows from the fact Proj
. Then we have a Hom R (−, R)-exact and DR ⊗ −-exact exact sequence
in Mod R with all P i and P i in Proj R such that M = Im(P 0 → P 0 ). It gives rise to the following commutative diagram:
All columns splits because they are pure exact by Lemma 2.7(2). By the adjoint isomorphism theorem and [R, Lemma 3.55 (ii)], we have that P + is Hom R (DR, −)-exact exact and P ++ is DR ⊗ −-exact exact. So L is also DR ⊗ −-exact exact in Mod R with all terms in Proj R.
Then by [J, Lemma 1.7], L is Hom R (−, Proj R)-exact exact and Coker
in Mod R with all terms in GProj R splits. By Lemma 2.8, we have M ++ ∈ PInj R∩GProj R.
As an application of Theorem 3.10, we give an equivalent characterization of pureprojective Gorenstein projective modules as follows.
Corollary 3.11 Let R be an artin algebra and H ∈ GProj R. Then the following statements are equivalent.
(1) H ∈ PP-GProj R.
(2) H is projective relative to any G-pure exact sequence
to get the following commutative diagram with exact columns and rows:
By Lemma 2.7(2) and Theorem 3.10, we have that
is a pure exact sequence in Mod R with all terms in GProj R and G
++ 2
∈ wPI-GProj R. By [Ho1, Theorem 2.5] and the exactness of
we have D ∈ GProj R. Then it is easy to see that
Let H ∈ GProj R and u ∈ Hom R (H, G 3 ). Then there exists v ∈ Hom R (H, G ++ 2 ) such that gu = αv. Note that the above pushout diagram is also a pullback one. So there exists w ∈ Hom R (H, G 2 ) such that u = f 2 w. Thus
We do not know whether there exists an inclusion relation between PInj R ∩ GProj R and PI-GProj R in general. The following result shows that these two categories coincide over virtually Gorenstein artin algebras; compare it with Remark 3.2(2).
Corollary 3.12 If R is a virtually Gorenstein artin algebra, then
Proof. Let R be a virtually Gorenstein artin algebra. Then G-pure exact sequences and pure exact sequences coincide by Lemma 2.3 and Proposition 3.7. So PInj R ∩ GProj R = wPI-GProj R = PI-GProj R by Theorem 3.10.
Because R op is also virtually Gorenstein by [B1, Theorem 8.7] , we have GInj R op ⊆ lim − → Ginj R op by [BK, Theorem 5] . So 
Recall from [B2] that an artin algebra R is called CM-finite if the number of indecomposable modules in Gproj R is finite up to isomorphism.
Corollary 3.13 Let R be a CM-finite artin algebra. Then
Proof. Let R be a CM-finite artin algebra. Then Gproj R = add G for some G ∈ Gproj R. So, by [KS1, Lemma 1.2] and Theorem 3.10, we have
In the following, we give an equivalent characterization of virtually Gorenstein artin algebras. We need the following Lemma 3.14 Let R be an artin algebra. Then lim − → Gproj R is closed under pure submodules.
be a pure exact sequence in Mod R with G 2 ∈ lim − → Gproj R. Then by [GoT, Lemma 1.2 .9], we have that for any u :
Consider the following commutative diagram with exact rows:
where N = Coker s and v is an induced homomorphism. Since the bottom row in this diagram (that is, (3.2)) is pure exact by (1), there exists h :
Beligiannis and Krause proved in [BK, Theorem 5] that an artin algebra R is virtually Gorenstein if and only if GProj R ⊆ lim − → Gproj R. The following theorem extends this result.
Theorem 3.15 Let R be an artin algebra. Then the following statements are equivalent.
(1) R is virtually Gorenstein.
Consider the pure exact sequence:
By Lemma 2.8 and Theorem 3.10, we have (2), and hence G ∈ lim − → Gproj R by Lemma 3.14. It follows from [BK, Theorem 5] 
Recall from [K2] that a subcategory of Mod R is called definable if it is closed under direct limits, direct products and pure submodules in Mod R. The following result gives an equivalent characterization for virtually Gorenstein artin algebras being CM-finite. It induces that both PI-GProj R and wPI-GProj R are proper subcategories of GProj R in general.
Theorem 3.17 Let R be a virtually Gorenstein artin algebra. Then the following statements are equivalent.
(1) R is CM-finite.
Proof. Let R be a virtually Gorenstein artin algebra. Then GProj R is definable by [B1, Proposition 3.8] . It follows from [B2, Theorem 4.10] (2) lim − → Gproj R is closed under G-pure submodules.
be a G-pure exact sequence in Mod R with all terms in GProj R. Let M ∈ Mod R be pure-injective. By [KS2, Lemma 2.2], both G M and Ker α M are pure-injective. So G M ∈ PInj R ∩ GProj R = wPI-GProj R = PI-GProj R by Theorem 3.10 and assumption. Consider the following commutative diagram with exact columns and rows:
by the adjoint isomorphism theorem. By the above argument, we have an exact sequence:
which induces the following exact sequence:
Thus (3.3) is pure-exact.
(2) By (1) and Lemma 3.14.
By Corollary 3.12, if R is a virtually Gorenstein CM-finite artin algebra, then the assumption in Proposition 3.18 is satisfied.
For a subcategory C of Mod R and an object M ∈ C, the stable objects of M in C and C are denoted by M and M , respectively. If R is an artin algebra, then GProjR is a compactly generated triangulated category by [Bu, Remark 4.8] and [B1, Theorem 6.6] . Moreover, an artin algebra R is virtually Gorenstein if and only if GprojR coincides with the compact subcategory of GProjR by [B1, Theorem 8.2] .
For a compactly generated triangulated category T , there is a theory of purity which parallels that of module categories ([K1] ). A triangle
is exact. An object E ∈ T is called pure-injective if for any pure triangle as (3.4),
is exact. Let A be an abelian category. We use D + (A) to denote the bounded below derived category of A. Let Inj A be the full subcategory of A consisting of injective objects, we use K + (Inj A) to denote the category whose objects are bounded below complexes of injective objects and whose morphisms are morphisms of complexes modulo homotopic equivalence.
It was proved in [H2, Theorem 23 ] that the functor
yields an equivalence between PInjR and the subcategory of injective objects of ((modR) op , Ab). Then by [GM, Theorem 3.5.21] , there exists the following equivalence of triangulated categories:
We use PI-GProjR to denote the full subcategory of GProjR consisting of pure-injective objects. We have the following comparable result for a virtually Gorenstein artin algebra R, which means that PI-GProj R plays a role in GProj R similar to PInj R does in Mod R. (1) M ∈ PI-GProj R.
(2) M is pure-injective in GProjR. [GM, Theorem 3.5.21] ).
Envelopes and Covers
As further applications of Theorem 3.10, we study in this section the covering and enveloping properties of wPI-GProj R. It should be remarked that all results obtained here rely on the fact that GProj R is covering and enveloping in Mod R ([B1, Theorem 3.5] 
Consider the following diagram: To give the covering property of wPI-GProj R, we need the following Lemma 4.2 If R is a virtually Gorenstein artin algebra, then the GProj R-cover of any finitely generated R-module is finitely generated.
Proof. By [B1, Corollary 8.3] , R is virtually Gorenstein if and only if the GProj R-cover of R/r is finitely generated, where r is the Jacobson radical of R. Since R/r is a semisimple R-module containing each simple R-module as a summand, it follows that the GProj R-cover of any simple R-module is finitely generated by assumption.
Let M ∈ mod R and let
be an exact sequence in Mod R with α M the GProj R-cover of M . We will prove that G M is finitely generated by using induction on the length Proof. Because PInj R = Prod mod R, it suffices to show that any M = ∏ i∈I M i with M i ∈ mod R has a wPI-GProj R-precover by [EJ2, p.106, Exercise 3] . Put α := ∏ i∈I α M i . Since R is virtually Gorenstein, each G M i is finitely generated by Lemma 4.2. So ∏ i∈I G M i ∈ Prod Gproj R ⊆ wPI-GProj R by Theorem 3.10.
We claim that α is a wPI-GProj R-precover of M . Let u : E → M in Mod R with E ∈ wPI-GProj R(⊆ GProj R) . Consider the following commutative diagram:
where for any i ∈ I, p i and π i are the i-th projections of ∏ i∈I G M i and ∏ i∈I M i respectively. Then there exists β : E → G M i such that π i u = α M i β. By the universal property of direct products, there exists γ : E → ∏ i∈I G M i such that β = p i γ. So we have π i u = α M i β = α M i p i γ = π i αγ for any i ∈ I. It induces that u = αγ and the claim follows.
